In 1896 Heinrich Maschke characterized planar finite groups, that is groups which admit a generating system such that the resulting Cayley graph is planar. In our study we consider the question, which finite semigroups have a planar Cayley graph. Right groups are a class of semigroups relatively close to groups. We present a complete characterization of planar right groups.
Introduction
A group is called planar if it admits a generating system such that the resulting Cayley graph is planar, that is, it admits a plane drawing. Finite planar groups were characterized by Maschke [12] , see Table 3 .1. There has been considerable work towards a characterization of infinite planar groups, see e.g. [4, 5] .
With an analogous definition one might ask for planar semigroups. Zhang studied planar Clifford semigroups [15] . Solomatin characterized planar products of cyclic semigroups [13] and described finite free commutative semigroups and some other types, which are outerplanar [14] . For this he uses his own planarity results, which are not easily accessible. We looked at toroidal right groups [10] but still no characterization is known. In the present paper we characterize planar right groups. Some of the results have already been announced in [11] .
The paper is structured as follows: In Section 2 we introduce first notions of Cayley graphs of semigroups. In Section 3 we review Mascke's characterization of finite planar groups. In Section 4 we construct planar embeddings of those right groups which in the end will turn out to be exactly the planar ones. Section 5 we study how Cayley graphs of the group are reflected in the Cayley graph of a right group. In particular, we reduce the number of right groups that have to be checked for planarity to an easy set. In Section 6 we prove that all candidates for planar right groups not shown to be planar before are not planar and therefore conclude the characterization. We close the paper with some problems in Section 7.
Preliminaries
Given a semigroup S and a set C ⊆ S we call the directed multigraph Cay(S, C) = (V, A) with vertex set V = S and directed arcs (s, sc) for all s ∈ S and c ∈ C the directed right Cayley graph or just the Cayley graph of S with connection set C. We say that S is planar if there exists a generating set C of S such that Cay(S, C) is planar. Clearly, when considering planarity we may ignore edgedirections, edge-multiplicity and loops. We call the resulting simple undirected graph the underlying graph and denote it by Cay(S, C)
The contraction lemma due to Babai [1, 2] is the following:
Lemma 2.1. Let Γ be a connected graph and G < Aut(Γ). If the left action of G on Γ is fixpoint-free, then there exists E ⊂ E(Γ) and a generating set C of G such that Cay(G, C) ∼ = Γ/E, i. e. Γ after contraction of all edges in nE.
We apply Lemma 2.1 in order to obtain the following useful:
Lemma 2.2. Let S be a semigroup and C ⊆ S such that Cay(S, C) is strongly connected. Then for every subgroup G of S we have γ(G) ≤ γ(Cay(S, C)).
Proof. For any g ∈ G and (s, sc) ∈ E(Cay(S, C)) by definition we have (gs, gsc) ∈ E(Cay(S, C)). Hence, g ∈ Hom(Cay(S, C)). Clearly, g −1 is the inverse mapping of g. Thus, g ∈ Aut(Cay(S, C)). To see that G acts fixpoint-free, suppose gs = s for some s ∈ S. Now for every out-neighbor sc of s we have gsc = sc, i.e., sc is also a fixpoint of g. Choose a directed path P from s to some h ∈ G. We obtain gh = h, which implies g = e. Hence the left action of G on Cay(S, C) is fixpoint-free. This implies that the same holds with respect to Cay(S, C). Thus, we may apply Lemma 2.1 and obtain some generating system, C ′ of G such that Cay(G, C ′ ) is a contraction-minor of Cay(S, C). Since contraction cannot increase the genus of a graph the claim follows.
The above works also for the infinite case. Nevertheless, we are only interested in the finite case. So, Lemma 2.2 justifies to review the characterization of finite planar groups due to Maschke [12] , which we will do in the next section.
Maschke's Theorem -a closer look
Before stating the theorem let us introduce some standard group notation:
D n the dihedral group. The elements of D n are the symmetries of the n-gon with the vertices 1, . . . , n, that is |D n | = 2n. By 13 we denote the reflection around the axis through 2, by 12 the reflection around the axis through the middle line between 1 and 2. The rotation by 1 is denoted by (1 . . . n).
A n , S n the alternating group and the symmetric group, respectively, on the n points 1, . . . , n, n ≤ 5. For their elements we use the cycle notation.
The identity element is denoted by e for all groups G except for Z n , where we rather use 0. 
Group
Generators |V | |E| "Cayley" solid 
Planar right groups
The right zero band on n elements is the semigroup R n on the set {r 1 , . . . , r n } such that r i r j := r j for all i, j ∈ [n]. A semigroup S is called a right group if it is isomorphic to the product G × R n of a group and a right zero band. On the way to characterize planar right groups we start with positive results in this section. Remark 4.1. Analogously one considers a left zero band L n = {l 1 , . . . , l n } on n elements such that l i l j := l i for all i, j ∈ [n]. Now consider the left group L n × G whose generating systems always have the from L n × C where C is a generating system of G. The right Cayley graph Cay(L n × G, H) consists of n copies of Cay(G, C). Consequently, a left group L n × G is planar if and only if the group G is planar, for arbitrary n ∈ N.
is on the left of Figure 3 for the case n = 6. If G = D n with two degree two generators a, b then again Cay(D n , {a, b}) is a cycle and D := {(a, r 1 ), (b, r 2 ), (e, r 3 )} is a generating system of D n × R 3 . A plane drawing of Cay(D n × R 3 , D) is shown on the right of Figure 3 for the case n = 3. For S ′ := G × R 2 note that D ′ := D\{(e, r 3 )} is a generating system of S ′ and Cay(S ′ , D ′ ) is a subgraph of Cay(S, D). Thus, it is also planar. Lemma 4.3. Let G be a group with generating system C = {a, b} with a 2 = e and b 2 = e. If Cay(G, C) has an embedding on a surface M such that for each a-edge the b-edges incident to it alternate in direction when ordered by the local rotation systems, see the left of Figure 4 , then Proof. We first show the statement for S := G × R 3 . As a generating system we use D := {(a, r 1 ), (b, r 2 ), (e, r 3 )}. The property of our embedding of Cay(G, C) on M makes it possible to blow up a edges to rectangles such that incoming arcs are attached to one pair of opposite vertices and outgoing arcs to the other pair. This gives an embedding in M again, see the middle of Figure 4 , which leads to the wanted embedding of Cay(S, D). This is shown on the right of Figure 4 .
For Proof. For Z n and D n this was proved in Lemma 4.2. For the remaining groups this follows by their plane drawings provided in Figure 1 and Figure 2 and applying Lemma 4.3. Moreover, Cay({e}×R n , R n ) is isomorphic to the complete graph on n vertices K n . Together this yields the claim. It remains to show that the list of planar right groups in Theorem 4.4 is complete.
Planar right groups come from planar groups
For C ⊆ G × R n we denote the projections of C on the respective factors by π G (C) := {g ∈ G | ∃j ∈ [n] : (g, r j ) ∈ C} and π Rn (C) := {r j ∈ R n | ∃g ∈ G : (g, r j ) ∈ C}. We start with the following basic lemma, which does not hold in general products of groups and semigroups:
Proof. Clearly, (i) implies (ii). Now, we show (ii)⇒(iii): Take s = (g, r i ), t = (h, r j ) ∈ S. Multiply s from the right by a sequence of elements of C in order to obtain (h, r k ) for some k ∈ [n]. Now, take some (f, r j ) ∈ C and multiply it order of f many times to (h, r k ) from the right. We obtain a directed path from s to t. This yields that Cay(S, C) is strongly connected.
To see, (iii)⇒(i), let s ∈ S. Any directed path in Cay(S,
Lemma 5.2. Let S = G× R n and C a generating set such that there is (g, r j ) ∈ C with g
Proof. Let (g, r j ) ∈ C the element claimed in the statement of the lemma. Delete all arcs of the form (g ′ , r i ), (g ′ f, r ℓ ) with f = g and i = ℓ. Contract all arcs of the form ((g ′ , r i ), (g ′ g, r j )) for i = j. By the assumption on g we obtain Cay(G, g −1 π G (C)g). Conjugating with g is an automorphism φ of G. This yields a graph isomorphism between Cay(G, π G (C)) and Cay(G,
Many right groups satisfy the preconditions for Lemma 5.2. Note for instance that if the group generated by some π G (C) j is Abelian, then the preconditions of Lemma 5.2 are trivially satisfied. A Coxeter system is a group G with generating system C, such that all generators are of order 2 and all relations are of the form (c i c j ) mij = e. The Coxeter-Dynkin diagram of a Coxeter system is an (edge labeled) graph, on the vertex set C, with an edge connecting c i and c j if and only if m ij ≥ 3. A consequence of the classification of finite Coxeter groups, due to Coxeter [3] is that the Coxeter-Dynkin diagram of a Coxeter system is a tree.
Proposition 5.3. Let S = G× R n and C a generating set. If (G, π G (C)) forms a Coxeter system, then Cay(G, π G (C)) is a minor of Cay(S, C).
Proof. Let g ∈ π G (C) j be a leaf of the corresponding Coxeter-Dynkin diagram, and h its neighbor. If the only i ∈ [n] with h ∈ π G (C) i is i = j, then (gf ) 2 = e for all f ∈ π G (C) \ π G (C) j and Lemma 5.2 gives the result. Otherwise we can consider C ′ := C \ {(h, r j )}, which satisfies Lemma 5.1(ii) and therefore is still generating. Moreover, Cay(G, π G (C ′ )) is a deletion minor of Cay(G, π G (C)). We have that (gf ) 2 = e for all f ∈ π G (C ′ ) j and Lemma 5.2 gives the result.
We believe, that a stronger form of Lemma 5.2 should hold.
Conjecture. Let S = G × R n and C a generating set. Then Cay(G, π G (C)) is a minor of Cay(S, C).
Note that for products G × S of group G and semigroup S not being a right zero band the natural generalization of the conjecture is false. Indeed, even if S = Z 2 it is false: Consider the planar representation of A 5 × Z 2 with three generators of order two, see Figure 2 . Since there is no planar representation of A 5 with three generators of order two, no Cayley graph of A 5 arising by projecting the generating system of A 5 × Z 2 to A 5 is a minor of the planar Cayley graph of A 5 × Z 2 .
We will prove a weakening of this conjecture for the planar case in Theorem 5.6. Essentially we will prove, that in order to not satisfy the preconditions of Proposition 5.2 the Cayley graph must have too many edges to be planar. Therefore, we need the classic:
Lemma 5.4 (Euler's Formula). Every simple connected planar embedded graph G with vertex set V , edge set E and face set F has |V | − |E| + |F | = 2. In particular, G has at most 3|V | − 6 edges and at most 2|V | − 4 edges if the embedding has no triangular faces.
As a second ingredient we need a formula for number of edges of the underlying undirected Cayley graph of a right group. For C ⊆ G × R n and g ∈ G we set c g := |{j ∈ [n] | (g, r j ) ∈ C}|. Furthermore set m := |G|.
Lemma 5.5. Let S = G × R n with generating system C. The number of edges of Cay(S, C) is:
Proof. Every element (a, r i ) ∈ C contributes an outgoing arc at every element of S. But if (a −1 , r j ) ∈ C all arcs of the form (g, r j ), (ga, r i ) are counted twice and there are m of them. Note that, this occurs in particular if a 2 = e and also if i = j. So, this yields mnc a − c a −1 2 m edges labeled a. In the particular case that a = e additionally at each vertex (g, r j ) a loop can be deleted, i.e., instead of counting half an edge at each such vertex we count none. This yields the −m ce 2 in the formula. Together we obtain the claimed formula.
Theorem 5.6. Let S = G × R n and C a generating system such that Cay(S, C) is planar. Then Cay(G, π G (C)) is a minor of Cay(S, C), i.e., in particular planar.
Proof. The statement is trivial for n = 1 so assume n ≥ 2. If we cannot apply Lemma 5.2 we know in particular that |π G (C) j | > 1 for all j ∈ [n] and in particular a∈πG(C) c a ≥ 2n. Moreover, we have e / ∈ π G (C). We can now use Lemma 5.5 to estimate the number of edges of Cay(S, C). Indeed, assuming that all elements of π G (C) are of order two gives a lower bound for the number of edges (the middle term in the chain of inequalities):
whereas the smallest value in this chain is the upper bound for the number of edges of a planar graph given by Lemma 5.4 -a contradiction.
6 Non-planar right groups from planar groups
In this section we show that the right groups Z 2 × H × R i with H any of Z 2(n+1) , D 2n , A 4 , S 4 , A 5 where n ≥ 1 and i ≥ 2 are not planar. Since
for all n ≥ 1 this is exactly the set of right groups we have to prove to be non-planar in order to show that the list from Theorem 4.4 is complete.
Euler's Formula already allows us to restrict the size of the right zero band in the product of a planar right group: Proposition 6.1. If G is nontrivial and G × R i planar, then i ≤ 3. Moreover, G × R i is non-planar for any G and i ≥ 5.
Proof. Let i ≥ 4, then the scenario of G×R i with G non-trivial, which minimizes the formula in Lemma 5.5 is i = 4 and the generating system is {(a, r 1 ), (e, r 2 ), (e, r 3 ), (e, r 4 )} with a of order 2. In this case Lemma 5.5 gives m((3i − Since Cay({e} × R i , R i ) ∼ = K i and K i is non-planar for all i ≥ 5 we obtain the second part of the statement.
With some further edge counting we obtain: Proof. Let S = G × R i be one of the right groups from the statement and suppose that C is a generating system of S such that Cay(S, C) is planar. By Theorem 5.6 we know that there is a generating system C ′ ⊆ π G (C) of G such that Cay(G, C ′ ) is planar. Comparing with Table 3 .1 we see that all planar generating systems for our choice of G consist of three generators all having order two, say a 1 , a 2 , a 3 .
If C ′′ := {(a 1 , r 1 ), (a 2 , r 2 ), (a 3 , r 3 )} ⊆ C (in particular n = 3) then we consider the subgraph Cay(S, C ′′ ) of Cay(S, C). By Lemma 5.5 we know that Cay(S, C ′′ ) has 7.5m edges, where m = |G|. Since π G (C ′′ ) contains only order 2 elements and π G (C ′′ ) is a minimal generating system of G we get that Cay(S, C ′′ ) is triangle-free. Hence it has most 2(mn − 2) = 6m − 4 edges by Lemma 5.4 -contradiction.
If (up to relabeling of R i ) we have C ′′ := {(a 1 , r 1 ), (a 2 , r 2 ), (a 3 , r 2 )} ⊆ C then we consider the subgraph Cay(G × R 2 , C ′′ ) of Cay(S, C). By Lemma 5.5 we know that Cay(G × R 2 , C ′′ ) has 4.5m edges, where m = |G|. As in the previous case Cay(G × R 2 , C ′′ ) is triangle-free and has most 2(mn − 2) = 4m − 4 edges by Lemma 5.4 -contradiction.
If (up to relabeling of R i ) C ′′ := {(a 1 , r 1 ), (a 2 , r 1 ), (a 3 , r 1 ), (x, r 2 )} ⊆ C again we consider the subgraph Cay(G × R 2 , C ′′ ) of Cay(S, C). But now we have to distinguish two subcases:
If x = e then we can assume that x has order two and by Lemma 5.5 we know that Cay(G× R 2 , C ′′ ) has at least 6m edges, where m = |G|. On the other hand Lemma 5.4 gives an upper bound of 6m − 6 -contradiction. If x = e, then Cay(G × R 2 , C ′′ ) has 5.5m edges and we have to come up with a stronger upper bound than Lemma 5.4 for this particular case. Note that in Cay(G × R 2 , C ′′ ) every edge may appear in two triangles but edges of the form {(g, r 2 ), (ga i , r 1 )} for i = 1, 2, 3. The latter edges appear only in the triangle {(g, r 2 ), (ga i , r 1 ), (g, r 1 )} and there are 3m of them. We therefore have that the number of triangular faces |F 3 | is bounded from below by 2|E|−3m 3 and there are at least 3m 4 larger faces. Plugging this into Euler's Formula yields |E| ≤ 21 4 m − 6, which is less than 5.5m -contradiction. We now turn to the remaining cases. Here, edge counting does not suffice for proving non-planarity. Instead we will use Wagner's Theorem, i.e., we will find K 5 and K 3,3 minors to prove non-planarity. (Here, K m,n denotes the complete bipartite graph with partition sets of size m and n, respectively.) First we prove a lemma somewhat complementary to Lemma 4.3.
Lemma 6.3. Let G be a group with generating system C ′ = {a, b} where a is of order two and b of larger order such that the neighborhood of some a-edge in Cay(G, C ′ ) looks as depicted in Figure 6 . Then
Figure 6: The black edge is the a-edge, the gray arcs are b-arcs, the dotted curves correspond to paths, vertex-disjoint from all other elements of the figure.
Proof. We distinguish two cases of what C looks like: If (up to relabeling of R i ) we have C ′′ = {(a, r 1 ), (b, r 1 )} ⊆ C consider Cay(G×R 2 , C ′′ ). This graph contains Cay(G×R 1 , C ′′ ) ∼ = Cay(G, C ′ ). Consider the a-edge from Figure 6 , say that it connects vertices (e, r 1 ) (left) and (a, r 1 ) (right). Add vertices (e, r 2 ) and (a, r 2 ) to the picture. The first has an edge to (a, r 1 ) and the bottom-left vertex (b, r 1 ). The second has an edge to (e, r 1 ) and the bottom-right vertex (ab, r 1 ). Contracting these two 2-paths to a single edge each, as well as the left, bottom and right dotted path to single edges and the top dotted path to a single vertex we obtain K 5 .
If (up to relabeling of R i ) we have C ′′ = {(a, r 1 ), (b, r 2 )} ⊆ C again consider Cay(G×R 2 , C ′′ ). We will construct a drawing of a subgraph of Cay(G×R 2 , C ′′ ) similar to Figure 6 . More precisely, there are two copies of the vertices of the graph from Figure 6 in Cay(G × R 2 , C ′′ ). Call the set of vertices V ′ . We take all b-arcs between vertices of V ′ corresponding to elements of G × R 2 and all a-edges between vertices of V ′ . Every a-edge (x, xa) from Figure 6 will now be represented by a 3-path (x, r 2 ), (xa, r 1 ), (x, r 1 ), (xa, r 2 ). The paths resulting this way from the dotted paths will again be pairwise disjoint.
To obtain a K 3,3 -minor focus on the 3-path representing the central a-edge in our argument. We need to include the b-arcs leaving the inner vertices of this 3-path. Say we have x = e, i.e., the two central vertices are (e, r 2 ) (left) and (a, r 2 ) (right). We contract every dotted path to a single edge. Furthermore we contract the b-arc ((ab −1 , r 2 ), (a, r 2 )) and the b-arc ((b −1 , r 2 ), (e, r 2 )) to a single vertex, respectively. Now, we delete b-arcs ((e, r 2 ), (b, r 2 )) and ((a, r 2 ), (ab, r 2 )). The remaining graph is K 3,3 .
The lemma yields: Proposition 6.4. The right groups Z 2 × H × R i with H any of Z 2n , A 4 where n ≥ 2 and i = 2, 3 are not planar.
Proof. Let S = G × R i be one of the right groups from the statement and suppose that C is a generating system of S such that Cay(S, C) is planar. By Theorem 5.6 we know that there is a generating system C ′ ⊆ π G (C) of G such that Cay(G, C ′ ) is planar. Comparing with Table 3 .1 we see that for each choice of G there is exactly one planar generating system. For H = Z 2n it is easy to check directly and for H = A 4 we refer to Figure 1 to see that in both cases the preconditions of Lemma 6.3 are satisfied. Thus, the respective Cayley graphs cannot be planar.
Now we have proved:
Theorem 6.5. The right groups Z 2 ×H×R i with H ∈ {Z 2(n+1) , D 2n , A 4 , S 4 , A 5 }, n ≥ 1, and i ≥ 2 are not planar.
Conclusions
From the previous results (Theorem 4.4 and Theorem 6.5) we get our main theorem:
Theorem 7.1. The planar right groups G × R i with i ≥ 2 are exactly of the form G ∈ {{e}, Z n , D n , S 4 , A 4 , A 5 } and i ≤ 3 and {e} × R 4 . Here {e} denotes the one-element group.
Remark 7.2. The non-planarity proof for the right groups in Section 6 is slightly longer and more involved than an alternative proof entirely using minors. We hope that the present proof is generalizable to higher and maybe even nonorientable genus. Problem 1. We think the genus of the non-planar right groups from Theorem 6.5 is rather large. Which genus do they have? Problem 2. It is easy to see, that the right groups Z n × R 2 and R 2 , R 3 are exactly the outer planar ones. Can we characterize outer planar semigroups? Solomatin has obtained first results in [14] . This paper in fact contains and relies on many results on planar finite free commutative semigroups, which have been proved in other not easily accessible places.
Problem 3. The graphs of all Archimedean and Platonic solids are Cayley graphs of a group with minimal generating system with three exceptions: the Dodecahedron, the Icosidodecahedron, and the antiprisms (in particular the tetrahedron). The antiprism is the Cayley graph of a group with non-minimal generating system though, e.g., Cay(Z n , {1, 2}). The other two are not even this. Are they underlying graphs of directed Cayley graphs of semigroups (with minimal generating system)? It has been shown in [6] that the Dodecahedron graph is an induced subgraph of a Brandt semigroup Cayley graph. Problem 4. Find Sabidussi's Theorem for semigroups, i.e., an abstract characterization of Cayley graphs of semigroups. It is clear that the Cayley graph of a semigroup S has S as a subsemigroup of its endomorphism monoid. What else has to be asked for to make this a sufficient condition? There has been some work into that direction [7, 9, 8, 14] and Chapter 11.3 of [11] .
